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New congruences for 2-color partitions
Shane Chern
Abstract. Let pk(n) denote the number of 2-color partitions of n where one of the
colors appears only in parts that are multiples of k. We will prove a conjecture of
Ahmed, Baruah, and Dastidar on congruences modulo 5 for pk(n). Moreover, we will
present some new congruences modulo 7 for p4(n).
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1. Introduction
A partition of a natural number n is a nonincreasing sequence of positive integers
whose sum equals n. For example, λ = {3, 2, 1} is a partition of 6 since 6 = 3 + 2 + 1.
Denote by p(n) the number of partitions of n. It is well known that the generating
function of p(n) is given by
∑
n≥0
p(n)qn =
1
(q; q)∞
, |q| < 1,
where, as usual, we denote
(a; q)∞ =
∏
n≥0
(1− aqn).
Let pk(n) be the number of 2-color partitions of n where one of the colors appears
only in parts that are multiples of k. According to [1], its generating function is
∑
n≥0
pk(n)q
n =
1
(q; q)∞(qk; qk)∞
, |q| < 1. (1.1)
Furthermore, we can write p0(n) := p(n).
Many authors have studied the arithmetic properties of pk(n). For example, for
k = 1, Baruah and Sarmah [2, Eq. (5.4)] showed that
p1(25n + 23) ≡ 0 (mod 5).
For k = 2, Chan [3] obtained the following congruence modulo 3
p2(3n + 2) ≡ 0 (mod 3),
while Chen and Lin [4] proved
p2(25n + 22) ≡ 0 (mod 5)
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and
p2(49n + t) ≡ 0 (mod 7)
where t = 15, 29, 36, and 43 by using the tool of modular forms. More recently, Ahmed,
Baruah, and Dastidar [1] found several new congruences modulo 5:
pk(25n + 24− k) ≡ 0 (mod 5)
where k = 0, 1, 2, 3, 4, 5, 10, 15, and 20. Meanwhile, they conjectured that the
congruence also holds for k = 7, 8, and 17.
In this paper, we shall give an affirmative answer to their conjecture, namely,
Theorem 1.1. For any nonnegative integer n,
pk(25n + 24− k) ≡ 0 (mod 5) (1.2)
where k = 7, 8, and 17.
Moreover, we shall prove
Theorem 1.2. For any nonnegative integer n,
p4(49n + t) ≡ 0 (mod 7) (1.3)
where t = 11, 25, 32, and 39.
Our method is based on a result of Radu and Sellers [6] relating to modular forms,
which can be tracked back to [5].
2. Preliminaries
Let γ =
(
a b
c d
)
∈ SL2(Z) =: Γ. For a positive integer N , we define the congruence
subgroup of level N as
Γ0(N) =
{
γ ∈ SL2(Z) : γ ≡
(
∗ ∗
0 ∗
)
(mod N)
}
where “∗” means “unspecified.” It is known that
[Γ : Γ0(N)] = N
∏
p|N
(1 + p−1).
Furthermore, we write
Γ∞ =
{(
1 h
0 1
) ∣∣∣∣ h ∈ Z
}
.
Letm,M,N be positive integers. We write R(M) the set of integer sequences indexed
by the positive divisors δ of M . For any r ∈ R(M), it has the form r = (rδ1 , . . . , rδk)
where 1 = δ1 < · · · < δk = M are positive divisors of M . Let [s]m be the set of all
elements congruent to s modulo m. Let Z∗m denote the set of all invertible elements
in Zm, and Sm denote the set of all squares in Z
∗
m. Define by ⊙r the map S24m ×
{0, . . . ,m− 1}→{0, . . . ,m− 1} with
([s]24m, t) 7→ [s]24m⊙rt ≡ ts+
s− 1
24
∑
δ|M
δrδ (mod m)
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where t ∈ {0, . . . ,m− 1}. Now write Pm,r(t) = {[s]24m⊙rt | [s]24m ∈ S24m}. Let ∆
∗ be
the set of tuples (m,M,N, t, r = (rδ)) which satisfy conditions given in [6, p. 2255]
1.
Finally, for γ =
(
a b
c d
)
, r ∈ R(M), and r′ ∈ R(N) we denote
pm,r(γ) = min
λ∈{0,...,m−1}
1
24
∑
δ|M
rδ
gcd2(δ(a + κλc),mc)
δm
and
p∗r′(γ) =
1
24
∑
δ|N
r′δ gcd
2(δ, c)
δ
where κ = κ(m) = gcd(m2 − 1, 24).
Let
fr(q) :=
∏
δ|M
(qδ; qδ)rδ∞ =
∑
n≥0
cr(n)q
n
for some r ∈ R(M). The following lemma (see [5, Lemma 4.5] or [6, Lemma 2.4]) is a
key to our proof.
Lemma 2.1. Let u be a positive integer, (m,M,N, t, r = (rδ)) ∈ ∆
∗, r′ = (r′δ) ∈ R(N),
n be the number of double cosets in Γ0(N)\Γ/Γ∞ and {γ1, . . . , γn} ⊂ Γ be a complete set
of representatives of the double coset Γ0(N)\Γ/Γ∞. Assume that pm,r(γi)+ p
∗
r′(γi) ≥ 0
for all i = 1, . . . , n. Let tmin := mint′∈Pm,r(t) t
′ and
v :=
1
24



∑
δ|M
rδ +
∑
δ|N
r′δ

 [Γ : Γ0(N)]−∑
δ|N
δr′δ

− 1
24m
∑
δ|M
δrδ −
tmin
m
.
Then if
⌊v⌋∑
n=0
cr(mn+ t
′)qn ≡ 0 (mod u)
for all t′ ∈ Pm,r(t), then ∑
n≥0
cr(mn+ t
′)qn ≡ 0 (mod u)
for all t′ ∈ Pm,r(t).
It also readily follows by the binomial theorem that
Lemma 2.2 (cf. [6, Lemma 1.2]). Let p be a prime and α a positive integer. Then
(q; q)p
α
∞
(qp; qp)p
α−1
∞
≡ 1 (mod pα).
1According to a private communication between the author and S. Radu, the last condition of ∆∗
should read: “for (s, j) = pi(M, (rδ)) we have ( (4 | κN and 8 | Ns) or (2 | s and 8 | N(1− j)) ) if 2 | m.”
In our cases, since 2 does not divide m = 25 or 49, none of the two conditions need to be satisfied.
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3. Proof of Theorem 1.1
3.1. The case k = 7. Taking k = 7 in (1.1), we have
∑
n≥0
p7(n)q
n =
1
(q; q)∞(q7; q7)∞
. (3.1)
It follows by Lemma 2.2 that
∑
n≥0
p7(n)q
n ≡
(q; q)4∞
(q5; q5)∞(q7; q7)∞
=:
∑
n≥0
g7,5(n)q
n (mod 5). (3.2)
We first set
(m,M,N, t, r = (r1, r5, r7, r35)) = (25, 35, 35, 17, (4,−1,−1, 0)) ∈ ∆
∗.
By the definition of Pm,r(t), we obtain
Pm,r(t) =
{
t′ | t′ ≡ ts− (s− 1)/3 (mod m), 0 ≤ t′ ≤ m− 1, [s]24m ∈ S24m
}
.
One readily verifies Pm,r(t) = {17}. Now setting
r′ = (r′1, r
′
5, r
′
7, r
′
35) = (3, 0, 11, 0).
Let γδ =
(
1 0
δ 1
)
. By [6, Lemma 2.6], {γδ : δ | N} contains a complete set of representa-
tives of the double coset Γ0(N)\Γ/Γ∞. It is easy to verify that all these constants satisfy
the assumption of Lemma 2.1. We thus obtain the upper bound ⌊v⌋ = 28. Through
Mathematica, we verify that g7,5(25n+17) ≡ 0 (mod 5) holds for the first 29 terms. It
therefore follows by Lemma 2.1 that
g7,5(25n + 17) ≡ 0 (mod 5)
holds for all n ≥ 0. Now by (3.2) we have
p7(25n + 17) ≡ 0 (mod 5)
for all n ≥ 0.
3.2. The case k = 8. Taking k = 8 in (1.1), we have
∑
n≥0
p8(n)q
n =
1
(q; q)∞(q8; q8)∞
. (3.3)
By Lemma 2.2, one obtains
∑
n≥0
p8(n)q
n ≡
(q; q)4∞
(q5; q5)∞(q8; q8)∞
=:
∑
n≥0
g8,5(n)q
n (mod 5). (3.4)
In this case, we may set
(m,M,N, t, r =(r1, r2, r4, r5, r8, r10, r20, r40))
= (25, 40, 40, 16, (4, 0, 0,−1,−1, 0, 0, 0)) ∈ ∆∗
and
r′ = (r′1, r
′
2, r
′
4, r
′
5, r
′
8, r
′
10, r
′
20, r
′
40) = (0, 0, 0, 0, 14, 0, 0, 0).
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We also obtain Pm,r(t) = {16}. One readily computes that v is bounded by ⌊v⌋ = 42.
With the help of Mathematica, we see that g8,5(25n+ 16) ≡ 0 (mod 5) holds up to the
bound ⌊v⌋. We conclude by Lemma 2.1 and (3.4) that
p8(25n + 18) ≡ 0 (mod 5)
holds for all n ≥ 0.
3.3. The case k = 17. Taking k = 17 in (1.1), we have
∑
n≥0
p17(n)q
n =
1
(q; q)∞(q17; q17)∞
. (3.5)
Thanks to Lemma 2.2, one gets
∑
n≥0
p17(n)q
n ≡
(q; q)4∞
(q5; q5)∞(q17; q17)∞
=:
∑
n≥0
g17,5(n)q
n (mod 5). (3.6)
Here we set
(m,M,N, t, r = (r1, r5, r17, r85)) = (25, 85, 85, 7, (4,−1,−1, 0)) ∈ ∆
∗
and
r′ = (r′1, r
′
5, r
′
17, r
′
85) = (0, 0, 20, 0).
In this case Pm,r(t) = {7}. It is easy to get the upper bound ⌊v⌋ = 84. Now we verify
that g17,5(25n+ 7) ≡ 0 (mod 5) holds for the first 85 terms by Mathematica. It follows
by Lemma 2.1 and (3.6) that for all n ≥ 0
p17(25n + 7) ≡ 0 (mod 5).
4. Proof of Theorem 1.2
Taking k = 4 in (1.1), we have
∑
n≥0
p4(n)q
n =
1
(q; q)∞(q4; q4)∞
. (4.1)
It follows by Lemma 2.2 that
∑
n≥0
p4(n)q
n ≡
(q; q)6∞
(q4; q4)∞(q7; q7)∞
=:
∑
n≥0
g4,7(n)q
n (mod 7). (4.2)
To prove Theorem 1.2, it suffices to show
g4,7(49n + t) ≡ 0 (mod 7) (4.3)
for t = 11, 25, 32, and 39.
We first prove the cases t = 11, 25, and 32. Setting
(m,M,N, t, r =(r1, r2, r4, r7, r14, r28))
= (49, 28, 28, 11, (6, 0,−1,−1, 0, 0)) ∈ ∆∗.
We compute that Pm,r(t) = {11, 25, 32}. Now taking
r′ = (r′1, r
′
2, r
′
4, r
′
7, r
′
14, r
′
28) = (2, 0, 1, 0, 0, 0),
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and choosing γ as in Subsection 3.1, we verify that all these constants satisfy the as-
sumption of Lemma 2.1. We thus compute ⌊v⌋ = 13. With the help of Mathematica,
we see that (4.3) holds up to the bound ⌊v⌋ with t ∈ {11, 25, 32}, and thus it holds for
all n ≥ 0 by Lemma 2.1.
Now we will turn to the case t = 39. Again we set
(m,M,N, t, r =(r1, r2, r4, r7, r14, r28))
= (49, 28, 28, 39, (6, 0,−1,−1, 0, 0)) ∈ ∆∗
and
r′ = (r′1, r
′
2, r
′
4, r
′
7, r
′
14, r
′
28) = (1, 0, 1, 0, 0, 0).
In this case we have Pm,r(t) = {39}. One readily computes that v is bounded by ⌊v⌋ =
11. Similarly we verify the first 12 terms of (4.3) with t = 39 through Mathematica. It
follows by Lemma 2.1 that it holds for all n ≥ 0.
This completes our proof of Theorem 1.2.
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